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Xt ) . )
n® 1 (n+1)
ain_a(l_n+1> antl

P E) BT ERRPRTS L = aL = L = 0.

fi# 3:

IR =exp ( lim (k‘lnn—nlna)) .

n—0o0

MARHE e HEXAIRIR, Inn = 2In/n < 2¢/n, ¥
kInn —nlna = v/n(2k —v/nlna) — —cc.
fi# 4 (X k € N): Stolz + YI4A.
k=1 cky i k—1
J& = lim Zizo (i) = ail Z <k> lim 2.

n—00 (a—l)a” = )

2 5: Heine + ;%!
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SEBA Stolz IR
1. {ba} 78, limb, = +oo, lim Aa,/Ab, € R U {+o0}, Il
lim a,, /b, = lim Ad,,/Ab,.
2.{b,} ™%, limb, = lima, = 0, lim Aa,/Ab, ¢ RU {+o0}, A
lima,, /b, = lim Ad,,/Ab,.

1.4¢lim Aa,,/Ab, = L, Ye >0, 3N, ¥n > N,
(L = €)(bne1 — bn) < @ns1 — an < (L+€)(bps1 — bn)
T2
(L= €)(bus1 — byi1) < any1 — a1 < (L +€)(bns1 — byi1)

B) (BSHE b AIE)

n v+ by
Gnit _one by
bnir ban bni1

<

2.3 lim Aa,/Ab, = L, Ve >0, 3N, V¥n> N,
(L = €)(bps1 — bn) < @ns1 — an < (L+¢€)(bps1 — bn)
2Vn' >n,
(L —&)(bwi1 — bn) < api1—an < (L +€)(bpi1 —bn)
B
G b

— L+ L
b PP,

BREBARI 7', BT

an _Gwa pop
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P PN by ‘
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Problem 2

jm > (\/:—1)

k=1

fi# 1.

LA i N LA L
2n2+n = (/1+1/n+ 1)n? n2 .

[54

V1+k/nZ+1 = 902

n+1 n k n+1
< 1+—=-11]< .
4n+2_z(\/ +n2 )_ 4n

KIERNH].
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xr X X
Vife=14+2-2, T
L R R T S TEk

Ek 1 +2/2—22/8<V1+2<1+z/2.
fi# 3:
k k k2 k
1+ 2 iy B 2y B
\/+n2_\/+n2+4n4 +2n2’

JivE oy B K
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Problem 3

0<A<L 8Oy, =1—-N/y, + A yo EE. WA lim,,_, .y, FHE,
HKEHRE.
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Problem 3
0<A<L, #Iy,  =10—N/y, + X yo EE. WA lim,,_, .y, FHE,
HKEHRE.

S f(@)=1—=N/z+\ BFRHE 1, — 1. BUEEEEHERUEL
S5, BRMFERFRS ‘BER. FEER [(/(2).

f(a) A=2/3 ()

WMRN-1<y, <1y, >1, ATAFIARFMN; R y, < A —1, —RIE
KEIRIEE > A —1. Btk {y,} HEFHINSBHIEET 1, 5—FKBEESHIE.
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Problem 4

By, =2y2  — 1, 2 {y,} BISELE.
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Problem 4

By, =2y2  — 1, 2 {y,} BISELE.

cos20 = 2cos? 6 — 1, cosh 20 = 2cosh®f — 1.

cos (2" arccos ;) , lyol < 1
n = cosh (2" arccosh |yo|), |yol > 1°

5 Iyol > 1 BRI |yo| < 1 B, (NATREUSCSHE] 1 8¢ —1/2. FBEIEX
[ i

1207 — 2a3] = 2|lz) — @ollx) + 2] > |2 — 24,
B, RIEEHE RIS, BN I EWEL. £ EIERR.
R lim,, oy, =118y, #1, WA IN,Vvn >N, 1-y, <1/2. &

dy>3d, ;> >3"Ndy. Bln=N—[log,dy], W d, >1/2, F&.
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MR lim,, ,_y, =—1/218y, +—1/2, 4 3IN, ¥n > N,
ly, +1/2| <1/4. & ¢, = |y, +1/2|, B ¢, =2y, —1/2|c,,_1- BLE n >N
HTJ.? Cn > (3/2)Cn—1 > > (3/2>n7NCN' ER n=N— ﬂogg/g CN]’ }n*lj Cn > 1/47
FIE. R LA,

1, Yo = arccos 2% (¢, k € N)

. _ 1
T}Lngoyn = -3 Y= arccosﬁ (¢, k€N,3tq)-
DNE, otherwise
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f(z) & R EZBHAEH, B lim,_,, 1270 =0, f(2) = 1. iE8A: 3¢ € (1,2),
£f7(§) —2f(§) =0.
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f(z )7‘ R E= Bf*‘ﬂ*ﬁz B lim,_,, 1271 — 0, f(2) = 1. iEBR: 3¢ € (1,2),
Ef7(€) —2f'(§) =

BAf)=f2) =1 f1)=0,F= 3 (1,2), f(()=
MEEE g(l‘) ( /LL' g( ):g(<)207 T2 SIS (LC)?
g'(&) = (E1"(&) —26f(€)/¢* = 0, B &7 (§) —2f' (&) = 0.

KiE R

o M) +Ef(E) =0— g(a) =af(x)

C M) + (6 =0 — gla) = (2]

o NF(E) + f/(&) =0 — g(x) = X 2 f(x)

o c(©FE)+ F(€) =0— g(x) = el @ f ()

o M)+ [() =k — g(z) = 2*(f(x) — k)

o MO+ (&) =rE — g(x) = xA(f(x)*'ﬁx/)\+"ﬂ/>\2)

o (&) +c(OFE) + F(§) =0 — g(x) = e 2 f(2) + [d(x)el “)rdz
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fT[ab]J:ﬁéi % (a,b) £AIF, 3¢ € (a,b), f'(c) = 0. IEBR:
3 € (a,b), f'(§) — f(€) + f(a) = 0.
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Problem 6

fT[ab]J:ﬁéi 7 (a,b) ERAIS, 3c € (a,b), f'(c) = 0. IERR:
3 € (a,b), f'(§) — f(§) + fla) = 0.

L g9(x) = e (f(x) = fa), RF g(a) =0, ¢'(c) = e (f(a) — f(c)), &
FEENH EF'E;EEE

R ¢'(z) £ 0, B Darboux EI, ¢'(z) FTS. FHEIE ¢'(v) ERIE,
Bl g(x) ™18, B4 g(c) > gla) =0, B f(e) > f(a), 8 ¢'(c) <0, FFIE.
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feE®0,1], £(0) =1, f(1) =2, f/(1/2) = 0. iEFA 3¢ € (0, 1),
|f7 ()] = 24.
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Problem 7

fe€®0,1], f(0) =1, f(1) =2, f(1/2) = 0. iEAA 3¢ € (0,1),
[F7()] = 24.

£ v =1/2 & Taylor RFF, KA 2=0,1:

[ [B ) 2
Q)7 () o (55) o
AR, ZNBEANRN=NFHE 48, EOH—BIME > 24,

LRYP WA A1) BT E S —ZEiE



WMo EEE

f€@2[ 1], f(0) = f(1 )—0 |f7(z)] < 1, SERR |f(2)| < 1/8.
Ht—H, F £1(0) = f.(1) =0, iR |f(2)| < 1/16.
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Problem 8
fee?0,1], f(0) = f(1) =0, [f"(=)| < 1, IR |f(z)] < 1/8.
H—EHh, & fi(0)=f.(1)=0, JERR | f(x)| < 1/16.
ERIE S o, EHALEF. MR 2, < 1/2, W
” 9 2
0= (0) = fa) + L0 — i) < |18

|/
2
F1(0) =0 B, f(1/4) = £(0) + f1(0)/4 + f7(0/4)/32 = [ f(1/4)] < 1/32.

)=
£(3) = sty L PGz Lol < Ly L L

xy > 1/2 [E3E.
Cheat:

f”(@mo)

<

\_/OO‘}—‘

z0/2 g 2
< / 2l f7(€,)|d + / (10— )| () |z < 70

0/2

| f(zo)| =
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arcsinz: & 1, ZIRBIF (1 —t) Y2 FRN t =22 3% 2, WiEERX
(1—2%)y” —zy =0, REBREHEX
(1 _ xZ)y(n+2) =(2n+ 1)xy(n+1) + n2y<"),

) 2n -1 , 2n-—D1I
arcsine = y ——=x =y — gt
7; (2n +1)! T; 27(2n + 1)n!

(arcsinz)?: (1 —2?)y” = zy’ + 2.
e®sinz: (e®sinz) = e®(sinz + sin(z 4 7/2)) = V27 sin(x + 7/4).

Problem 9
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BB ¢t = 20y 4 2ny(n-D) . ERER (ez2)<n> AR =2 A
R o .
" (z—t?)?
o — etz Z % + O((.%‘ _ t2)n+1)_
i=0 :
BN 22
" n x2 —t2 7
e 2 _ et2 Z ( 5 ) +O(($*t)n+1).
=0 .
RIFHR n XS
22\ () 42 - . 1 i\ (n) -
( ) =e — 22 2)"™
;jzmm A
— et2 Z (2.7)' 2j—n (_tg)l—]

KNz =t
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(e:Ez)(n) +2 . - (2])'(71>27j t2ifn

w=t i=[n/2] =[n/2 g = )25 — n)!

bcign 2§ a3 (20— 1P
=0 =i (n— )G — ) (n — 2j)!
nf2l /2| . .
2 n! iy 2(n—j)> (n—z) .
— et : " 2% ( ‘ (_1)1 7
ZZ:; (n—1)! ; n n—j
2
— of? ™ onyn-2i
- ; T — o 2"
HEEF:
an/%J 2(n—5)\ (n—i (1) = n—1i on-2i
= n n—7j i ’

HEBN: 2 x (n—1i) B 01 #Bf%, n I 1, BHIZED—4 1. LHS ERR.
FBANGE HEESRE n MEH Faa di Bruno 243,
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https://littlereuben.github.io/study/faa-di-bruno/
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Problem 10
3K tanz £ z = 0 Y Taylor BFF.
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Problem 10

3K tanz £ z = 0 Y Taylor BFF.

Bernoulli #:

x B,
e? —1 120?
BEXR: .
(") Be=ln=0)
11 1 1 1 5
B= |10 g0 3505000 g 0
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) 2 4 1
:1<ezix_1*e4ix_1*

B n . n— . "
=i (2721)' [2(2iz)?"~! — 4(4iz)?" Y]
n>0 :
B n n n n n—
:Z (2721)'(—1) 42 — 92 p2n—l
n>1 :

cot, sec, csc E’\J%Eﬁz%;ﬁﬁ"l
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e — e (el 5% E
https://math.stackexchange.com/questions/532404/
find-the-limit-of-sum-limits-k-1n-left-sqrtl-frackn2-1-right
https://www.bilibili.com/video/BV1Ni4y1M7HU/
https://www.bilibili.com/video/BV1Am421G7SZ/

https://math.stackexchange.com/questions/2911501/
prove-that-fx-legslant-dfracmb-a216
https://www.zhihu.com/question/303558540/answer/2656044455
https://math.stackexchange.com/questions/193702/
find-an-expression-for-the-n-th-derivative-of-fx-ex2
https://www.zhihu.com/question/304948467/answer/845954053
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https://github.com/PKUanonym/REKCARC-TSC-UHT/tree/master/%E5%A4%A7%E4%B8%80%E4%B8%8A/%E5%BE%AE%E7%A7%AF%E5%88%86A(1)/hw/%E4%B9%A0%E9%A2%98%E8%AF%BE2021
https://github.com/PKUanonym/REKCARC-TSC-UHT/blob/master/%E5%A4%A7%E4%B8%80%E4%B8%8A/%E5%BE%AE%E7%A7%AF%E5%88%86A(1)/exam/%E6%B8%85%E5%8D%8E%E5%A4%A7%E5%AD%A6%E5%BE%AE%E7%A7%AF%E5%88%86A%E5%8E%86%E5%B9%B4%E8%80%83%E8%AF%95%E7%9C%9F%E9%A2%98%E9%9B%86%EF%BC%88%E6%B0%91%E9%97%B4%E7%89%88%EF%BC%89.pdf
https://math.stackexchange.com/questions/532404/find-the-limit-of-sum-limits-k-1n-left-sqrt1-frackn2-1-right
https://math.stackexchange.com/questions/532404/find-the-limit-of-sum-limits-k-1n-left-sqrt1-frackn2-1-right
https://www.bilibili.com/video/BV1Ni4y1M7HU/
https://www.bilibili.com/video/BV1Am421G7SZ/
https://math.stackexchange.com/questions/2911501/prove-that-fx-leqslant-dfracmb-a216
https://math.stackexchange.com/questions/2911501/prove-that-fx-leqslant-dfracmb-a216
https://www.zhihu.com/question/303558540/answer/2656044455
https://math.stackexchange.com/questions/193702/find-an-expression-for-the-n-th-derivative-of-fx-ex2
https://math.stackexchange.com/questions/193702/find-an-expression-for-the-n-th-derivative-of-fx-ex2
https://www.zhihu.com/question/304948467/answer/845954053
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